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Abstract. We prove a new cross theorem for separately holomorphic func- 
tions. 



1. Introduction. Main result 

Throughout the paper we will work in the following geometric context — details 
may be found in [Jar-Pfi 20 07J. 

We fix an integer N > 2 and let Dj be a (connected) Riemann domain over C™ J , 
j = 1, . . . , N. Let 7^ Aj C Dj be locally pluriregular, j = 1, . . . , N. 

We will use the following conventions: Aj := A\ x • • • x Aj_\, j = 2, . . . , N, 
A" := Aj + i x • ■ ■ x An, j = 1, . . . ,N — 1. Analogously, a point a = (oi, . . . , on) G 
D\ x ■••x Z?tv may be written as a = (a'j,aj,a'j), where a'j := (ai, . . . , fflj-i), 
a" := (aj+i, ■ ■ ■ , oat) (with obvious exceptions for j G {1, AT}). 

We define an N -fold cross 

N 

X = X((Dj,Aj)f =1 ) := |J 4 x ^ x 4. 

j=i 

One may easily prove that X is connected. 

We say that a function / : X — ► C is separately holomorphic on X (we write 
/ G O s (X)) if for any j G {1, . . . , N} and {a'j, a'-) E A'j x A'!, the function D. } B 
zj 1 — > f(a'j, Zj, a'j) G C is holomorphic in IX,-. 

Let Ha ,d denote the relative extremal function of Aj in Dj , j — 1 , . . . , N. 
Recall that h A ,D ■= sup{w G TSH{D) : u < 1, m|a < 0}, A c D (cf. [Kli 1991] . 
§ 4.5). Put 

X := {(zi,...,zjv) G Di x ••• x D N : h* AiDi ( Zl ) + ■ ■ ■ + h* Alf>r>N (z N ) < 1}, 

where * stands for the upper semicontinuous regularization. One may prove that 
X is connected and X C X. 

The classical cross theorem is the following result: 

Theorem 1.1 ((Sic 1969a|, |Sic 1969b|, [Zah 1976], [Sic 1981aj, |Ngu-Sic 1991], 



|Ngu-Zer 199T] , |Ngu-Zer 1995] , [NTV 1997] . [Ale-Zer 2001] . |Zer 2002) 1. For each 
f G O s (X) there exists exactly one f G O(A') smc/i i/iai f = f on X and 
sup^ l/l = sup x |/|. 
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The aim of this note is to extend the above theorem to a class of more general 
objects, namely (N, k)-crosses Xn,r defined for k € {1, . . . , N} as follows: 

XN,k — Xjv,fc((-4j, Dj)f = i) '■ = 3Cai 



ai,...,a N £{0,l} 
ai H haiv=fe 



where 



Dj, if ay = 1 
A,-, if Oj = 



Notice that iV-fold crosses are just (JV, l)-crosses in the above terminology. Ob- 
viously, Xn,n = D\ x • • • x Dm- Thus, if N = 2, then in fact we have only 

-^2,1- 

Recall that the theory of extension of separately holomorphic functions had 
been first developed for N — 2. Then the iV-fold case (obtained via induction) was 
considered as a natural generalization of X% \ . In our opinion, each of the crosses 
X-N.k may be considered as a natural generalization of Consequently, one 

should try to find an analogous of the cross theorem for all (N, fc)-crosses. 

We say that a function / : -X'jv.fe — ► C is separately holomorphic (/ £ O S {X n ,k)) 
if for all a = (ai, . . . , ajy) 6 ii x • • • x and a = (ai, . . . ,ajy) 6 {0, 1}^ with 
la I = /c, the function 



D a := J] ^9z^/M z )) 



je{l,...,JV}: 

OLj —1 



is holomorphic, where i a , a ■ D a — ► 

«a,a(z) := (toi, . . . , w N ), wj := < 2 

Put 

-X"jv,fc = Xjv,fe((^', Dj)jLi) ■ 

= {(zi,...,z N ) e DiX ■■■ x D N ■■^2h* AjiD .{z j ) < fcj. 



if aj = 1 
if Oj = 



iV 



Note that Xjv jv = -Di x ••• x -D 



AT ■ 



Let <y9j : Dj — ► £>., be the envelope of holomorphy (cf. [Jar-Pfl 2000j , Definition 
1.8.1). Observe that since ipj is locally biholomorphic, the set Aj :— ipj(Aj) C Dj 
is locally pluriregular, j = 1, . . . , N. Let 

Xjq,k '■= ~&N,k((Aj , Dj)^ =1 ), X-N,k '■= ~%-N,k((Aj , Dj)^ =1 ). 

Put 

ip : Dx X • • • X L>at — > Di x • • • x D N , ip{z x , z N ) := (pi(zi), . . . , ^at(zat)). 
Note that: _ 



• (p{X N . k ) c Xjv, fe (because h*~ ~ o ipj < h* A . D ., j = 1, . ..,N). 
Our main result is the following cross theorem for (iV, k) -crosses. 
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Theorem 1.2. For every f S O s (XN.k) there exists exactly one f s 0(-Xjv,fc) 
smc/i iftat / o (p = f on X N k and sup= \ f\ = sup x |/|. 

-X-N.k ■ 

The proof will be presented in § [5] and will be based on Theorem 11.11 and the 
following technical lemmas (which might be also useful in other applications). 

Lemma 1.3. Let G be a Riemann domain over C n , let D CC G be a Riemann 
domain of holomorphy, and let A C D be non-pluripolar. Put 

A(n) := {z e D : h* A D (z) < fi}, < /x < 1. 

Then 

( h* A D — r -i 

h*A{r),A{s) = max jO, — ■ j on A(s), < r < s < 1. 

Lemma 1.4. Assume additionally that D±, . . . , Z?jv a^e Riemann domains of holo- 
morphy. Then 

N 

h \ N k -,.x N S z ) = max {°. E h X,D, (%) - * + 1}» 

J'=l 

z = (zi, . . . ,z N ) e Xjv.fe, fe e {2, .. . , at}. 



We do not know whether Lemmas 11.31 11.41 are true for arbitrary Riemann do- 
mains. 

2. Basic properties of (N, fc)-CROSSES 

Remark 2.1. (a) A\ x ■ ■ • x A N C C X N ,k- 

(b) Xjv,fc-i C X N ^, X N ^_x C X N ^, k = 2, . . . , N. 

(c) - (Xiy-i,fe-i x Av) U x Ajv), k = 2, . . . , N - 1, N > 3. 

(d) Xjv,fe and are connected. 

(e) If (-Dj.fe)^! is a sequence of subdomains of IX,- such that /* Dj, D 
A A fc / A jf i = 1, . . . , N, then Xjv.fcftAj, fc , D jtk )f =1 ) / X N%k and 

XjV.fe^Aj,*;, Dj,k)jLi) /* ^N,k- 

(f) If Z?i, . . . , Dn are domains of holomorphy, then Xjv,fc is a domain of holomor- 
phy- 



3. Proof of Lemma [T~3l 



Let 



L '•= h *A(r),A(s)> fl:^max|o, }. 
Put A[r] := {z e D : h* A D (z) < r}. It is clear that 

(*) L = h A(r),A(s) > h>A[r],A(a) ^ h A[r],A(s) > R, 

L = R = on A(r), R = on A[r]. 
Step 1. Reduction to the case s = 1. 

Suppose that < r < s < 1. Observe that Z\(s) is a Riemann region of holo- 
morphy. Moreover, h AnA(s) A(s) = (l/s)h* A D on A(s). 
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Indeed, it obvious that h AnA ,-, A ,. > (l/s)h* AD on A(s). Let u e VSH(A(s)), 
u < 1, u < on A fl A(s). Observe that for every z £ D n d(A(s)) we have 
limsup z ^ z u(z) < 1 < (l/s)/i^ £>(^o)- Thus, the function 

{max{s!i, h* A D } on Zi(s) 
h\ D on D \ Z\( S ) 

is plurisubharmonic on D. It is known that there exists a pluripolar set P C A such 
that h* A D = on A\P (cf. [Kli 1991] ). Hence, A\P C A(s), v < h* A y PD = h AD , 
and therefore, h AriA{s)A{s) < {l/s)h* A D on A{s). 

In particular, A n 5 is not pluripolar for every connected component S of <4(s). 
Hence, 

L = h A { r ),A{s) = h {h* A A(s) <r/s},A(s), R = max |0, — 1 _ j- 

Thus the problem for (D, A, r, s) reduces to (S, AnS, rj s, 1), where S is a connected 
component of A(s). 

From now on we assume that s = 1. 

Step 2. Approximation. Let A v y A, D v /* D, where A v C D u is non- 
pluripolar, v S N. Suppose that the formula holds for each (D„, A„,r). Then it 
holds for (D, A, r). 

Indeed, we know that h* Av Dv \ h* A D . Hence {h% u D < r} / A(r). Thus 

Step 3. The case where D is hyperconvex, A is compact, and h* A D is continuous. 

Let it G VSH{D), u < 1, u < on Z\[r]. Using continuity of B and [Kli 1991j . 
Proposition 4.5.2, we easily conclude that A[r] is compact. Let U := D \ A[r]. 
Observe that for zo S we get 

limhxi(h% D (z)-(l-r)u(z)-r)>0. 

Hence, by the domination principle (cf. [Kli 1991 , Corollary 3.7.4), (1 — r)u + r < 
h* A D in U. This shows that h,A[r],D < R- Thus, by (*), we get h* A , r ^ D = R for all 
< r < 1. Observe that 4[rv] /" Z\(r) for < r v / r. Consequently, L = R. 

Step 4. The case where D is hyperconvex and A is compact. 

Let A( e ) := [j aeA P(a, e), where P(a,e) stands for the "polydisc" in the sense of 
the Riemann domain D (A' e ) is defined for small e > 0). By [Kli 1991] . Corollary 
4.5.9, we know that h A (e) D = h* AiE) „ is continuous. Thus, using Step 3 and (*), 
we have 

. . Ham n — r • 
n = ma.-sr ^ 

iO), 

By [Kli 1991j . Proposition 4.5.10, we have ft^(e) £> /* Ha,d as e \ 0. In particular, 
{h A {e) D <r}\ {flA,D < r} as s \ 0. 



h {h A(c)D <r},D = max jO, ), < e « 1. 



Hence, once again by [Kli 1991] . Proposition 4.5.10, 

h {h A(e) D <r},D / h {h Aie) D <r},D as E \ 0. 
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Consequently, 

h {h AtD <r},D = max jo, A ^ D _ - T | < R. 

Thus h^ hA D < r } D < R- Observe that the set {h A ^ < r} \ A[r] is pluripolar. 
Consequently, h* A ^ D < R. We finish the proof as in Step 3. 

Step 5. The case where A is open. 

We use Step 4 and approximation (Step 2) with A v / A, D u /* D, where 
j4„ CC -D„ is compact non-pluripolar and D v is hyperconvex, i/£N. 

Step 6. The case where D is hyperconvex and A CC D is non-pluripolar. 
By Step 5 we get 

^W<^ = maX l ' 1-r J' 0<e<L 
By |Blo 2000j . we get 

h* A D — e 

I _ £ — ^A(e),D ^ h-A,Di 

in particular, h* A ^ D / h* A D as e \ 0. Moreover, 

{h*A( E ),D < J— :! C A(r) C {h* A{E) D <r}, < e < r. 
Consequently, 



f h *A(e),D f=f "I 

1' l-r^s J V^ (e) , D <TEf},^ 



> ft/V(r},D > /l {^ (e) , D <n.C = maX i ' f_77 j' < £ < r - 

Letting e \ 0, we get the required formula. 
Step 7. The general case. 

We use Step 6 and approximation (Step 2) with A u /* A, D v / D, where 
j4„ CC Dy is non-pluripolar and D v is hyperconvex, i/eN. 
The proof of Lemma 11.31 is completed. 

4. Proof of Lemma [PI 

By Remark I2.1[j e]) , we may assume that Aj CC Dj CC Gj , where Gj is a 
Riemann domain over C" j , j = 1, . . . , N. Fix 2 < k < N . Let 

^ : = h X,D P 3 = !)•••, frfab ■ ■ ■ ,*at) := ^i(zi) H h h N (z N ). 

Let 



AT 

^N,k-=h*~ ~ , RN.k{z) =max.\0,y^ h* A . D .( z j) + 

J = l 

z = (zi, . . .,zjv) e Xjv,*. 

It is clear that Ljv.fc > RN,k an d ^JV.fc — R-N,k = on Xjv,fc-i' Fix an a = 
(ai, . . . , ajv) G -X"jv,fc \ -Xjv.k-i- We may assume that /ii(ai) < ••• < ft,jv(cijv)- 
Suppose that /ii(ai) = • • • = h s (a a ) — and ft g +i(a s +i), . . . , ft.jv(&jv) > for an 



6 



MAREK JARNICKI AND PETER PFLUG 



s € {0, . . . , N}. Since h(a) > k - 1, we see that in fact s < N - k < N - 2. In 
particular, if N = 2, then s = 0. 

Let Kjv-s,p = Xat_ s Z3j)^ =s+1 ), p e {k — l,k}. Observe that 

{ai, . . . , a s } x Y N - S . P C X W) p, p e {k - 1, fc}. 

Consequently, 

/i*5> 5> (a) < h*~ ~ (a s+ i, . . . ,a N ). 

N,k-1,**- N,k Y N—s,k—lt r N — 3,k 

Thus, if we know that L N ^ Stk (a s+ i, ... , a N ) < R N ^ s ^ k (a s+1 , . . . , a N ), then 
LN,k{o) < RN- s ,k{a s +i, ■ ■ ■ , «jv) = RN,k{a). 

This reduces the proof to the case s = 0, i.e. hj(aj) > 0, j = 1, . . . , N. 
Put 

Aj,t : G />., : ^(^) < <}, j = 1, . . . ,N. 

Take < rj < Sj < 1, j — 1, . . . , N, such that r 1 + ■ ■ ■ + = k — 1 and 
Si + • • • + Sjv = k. Observe that 

Hence, using the product property for the relative extremal function (cf. Edi 2002], 
Theorem 4.1) and Lemma 11.31 we get 

L N ,k{z) < h* Al ^x-xAjv , rjv ,^! , sl x-xA N , 3JV ( Z ) 

= max{/i^ i ri i4l ri (zi), . . . , ^ ^ >/ijv rN (z N )} 

f hi(z\) — n h N (z N ) - r N -i 

= max 0, , . . . , 

I si - ri sat ^ r N J 

z = (zi, . . . , z N ) e Ai tSl x • • • x An, sn - 

Observe that there exist numbers s%, . . . , sjv G (0, 1] such that si + • • ■ + sjy = & 
and 

, / ^ hi(ai) 
h ^ < ^ < h(a)-k + V * ' V - 

Indeed, since the case where ft.(a) = — 1 is trivial, we may assume that h(a) > 
k — 1. Note that hj(aj) < h ^)- k +i ' i = 1> • • • i Suppose that 

hj(aj) hi(aj) 

< 1,3 = 1,...,*, Tr -^4±—>l, j = * + !,■■■, N, 



h(a) -k + 1 ~ ' J /j( a ) _ + i 

for a it £ {0, ... , N}. Observe that 

yy hjjOj) = h{a) 

^h(a)-k + l h(a)-k + l 



so the case a — N is simple. Thus, assume that <j < N — 1. We only need do show 
that 



/i(a) -k+1 

.7 = 1 



N — a > k. 
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The case where a < N — fc is obvious. Thus assume that a > N — k + 1. We have 
to show that 

J^hjiaj) > (h{a)-k + l)(k-N + a) 
3=1 

a N 

= {k-l-N + a)h{a) + {y^h j {a j )\ + ( ^ hjfa)) + (-k + l)(k - N + a), 

j = l j = CT+l 

or equivalently, 

JV 

(k - 1 - N + (j)h(a) + ( Y h j( a j)) < (k- l)(k-N + a). 

j=a+l 

We have 

JV 



(k-l-N + tr)h(a)+( 



3=<?+l 

< (fc - 1 - N + a)k + N - cr < (fc - - N + cr), 
which gives the required inequality. 
Now, define 

_ h,j( aj ) - s 3 {h{a) -k + 1) 



J ■ fc - /i(o) 

Then: 



j = l,...,N. 



> because s,- < 



• rj < Sj because hj(a) < Sj, 

• ri H h tat = k — 1, 

/It 

Thus 

fti(ai) — Ti h N (a N )-r N - 



• =/i(a)-fc + l, j = l,...,N. 



T , x . f„ ftilaij-ri h N (a N - r N -i 

L N ,k{a) < max < 0, , . . . , f 

L si - n Sat - Tat J 

= max{0, ft-(a) — fc + 1} = ^^^(a). 

The proof of Lemma 11.41 is completed. 



5. Proof of Theorem 11.21 

First we prove that for each function / £ O s (Xj^ t k) there exists exactly one 
J £ O s (X N<k ) such that Jotp = f and sup ijv fc \ J\ = sup Xjv fc |/|. 

Indeed, fix an / £ O s (X n^)- Take a = (ai, . . . , ajv), & = (&i, ■ ■ ■ , &zv) S Ai x 
••• X Ajv and a = (a-i, . . . ,a N ),f3 = (ft, . . . ,ftv) £ {0, 1} N with |a| = |/3| = fc. To 
simplify notation, suppose that a = (1, . . . , 1, 0, . . . , 0). 

Observe that if <Pj(a.j) — <fj(bj), j = k + 1, . . . , N, then /(•, dk+i, ■ • ■ , cln) = 
/(•, bk+i, ...,b N )onD 1 x---j< D k . 

Indeed, since ipj : Dj — ► Dj is the envelope of holomorphy, for each gj £ O(Dj), 
there exists a gj £ O(Dj) such that gj = gj o ipj. In particular, if (f(zj) — tp(wj), 
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then gj(zj) = gj(wj). Take arbitrary Cj € Aj, j = 1, . . . , k. Then 

/(ci, . . . , Cfc, ak+i, ■ ■ ■ , ajy) — /(ci, . . . , Cfc, b/c+i, a/c+2, ■ ■ • , a at) 

= • • • = /(ci, ■ ■ ■ ,Cfe,&fe+i, • ■ ■ ,b N ). 

Thus /(•, afe + i, . . . , a at) = /(•, &fc+i, . . . , 6jv) on Ai x • • • x Afc. It remains to use the 
identity principle. 
Recall that 

(<pi X • • • x (p k ) ■■ Di x • • • X D k — > Di x ■ ■ ■ x D k 

is the envelope of holomorphy (cf. |Jar-Pfl 2000] , Proposition 1.8.15 (b)). Conse- 
quently, the function 

/<*(•, Vk+i(a*+i)) ■ ■ • ,<Pn(o.n)) ■= {(<Pi x ••■ x l Pk)*y 1 (f(-,ak+i, ■ ■ ■ ,a N )) 
is well defined on 

X a := Di x • • ■ x Dk x Ak+i x ■ ■ • x An 

with f a o (p = / on X a and sup^ |/ Q | = sup Xa |/|. 

In particular, / Q o tp = f = fp o ip on x • ■ ■ x Ajy- Hence, by the identity 
principle, f a — fp on % a n 

Thus, we may replace ((£),•, A,-)^, Xjy.fe, X N ,k) by ((Dj,Aj)f =1 ,X N ,k,X N ,k) 
and we may assume -Dj is a domain of holomorphy and (pj = id, j = 1, . . . , N. 

Moreover, by Remark dTjjg) , we may assume that Aj CC Dj CC Gj, where Gj 
is a Riemann domain over <C nj , j — 1, . . . , N. 

The case fc = N is trivial. The case k — 1 is the classical cross theorem (Theorem 
II. ip . In particular, there is nothing to prove for N = 2. We apply induction on N. 
Suppose that the result is true for N — 1 > 2. 

Now, we apply finite induction on k. The case k = 1 is known. Suppose that 
the result is true for k — 1 with 2 < k < N — 1 . 

Fix an / e O s (XN.k) and let C := sup Xw |/|. Recall that 

-X'iv.fc = (-X"jv-i,fc— i x Djf) U (Xjv-i,)t x ^4jv)- 

For each g D^r the function /(-,Zn) belongs to s (Xjv-i,fc-i)- By the induc- 
tive assumption there exists a g Zjv S 0(JCjv-i,fe-i) such that g ZN = f{-,z^) on 
-X"jV-i,fc-i and sup Xw fc ISznI — Analogously, for each zn S Aat there exists 
an /i ZN G such that /i Zjv = f(-,z N ) on X N -i,k and sup% Nik \h ZN \ < 

C. Recall that Xn— i,fc-i C XN-\,k and Ai x • • • x An-i C Xjv-i,fe-i H Xjv-i^. 
Since the set Ai x • • • x An-i is not pluripolar, we get <7 ZJV = /i Zjv on X N-i,k—i 
for zat 6 An. 

Consider the 2-fold cross 

Y := X(X N-i,k-i, An; X N-i,k, Dn) = [Xjf-i,k-i x fljv) U (-XV-i,*; x An) 
and let .F : Y — ► C, 

_r , zat) : — \ 

\h ZN (z'), if (z',z N ) £ X N -i,k x A N - 
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Obviously, sup Y \F\ < C. To see that F € O s (Y), we have to prove that for each 
z' G Xn-i^—i, the function Dn 9 zjy 1 — ► F(z',Zn) is holomorphic. We know 
that F(-,zn) is holomorphic for each zn £ -Djv- Let 

ZN-i,k-i '■= Xjv-i,fe-i((-Aj, Dj)jL 2 ). 

Analogously as above, for each £ Z?i there exists a <p 2l G 0{Z N-i.k-i) such 
that = f(zx, •) on Zjv-i,fc-i. Thus 

. . . , zat) = /(zi, . . . , zat) = <^ 2l (z 2 , ■ ■ ■ , z N ), 
(zi, ...,zjv) G (Xjv_i !fe _i x L'at) n (Di x Zjv_i !fe _i) D Ai x ■ ■ • x Aat_i x D n . 

Consequently, F(z', •) G O(Djy) for z' 6 Ai X • • • X A/v-i and hence, using Terada's 
theorem (cf. e.g. [Pfl 2003j ). we conclude that F G 0{X N - ltk -i x Djv). 

Now, by the classical cross theorem (Theorem 1 with N = 2, there exists an 
/ G 0(Y) such that / = F on Y (in particular, / = / on Xjv^) and sup^> |/| < C. 
Recall that 

l > = {(z',Z JV )GX A r_ 1 , fc X^ A r:/l*- - Div N<l}. 

Jt JV-l,fc-l N-l,fc ™' ™ J 

Thus, to remains to apply Lemma 11.41 
The proof of Theorem ll.2l is completed. 
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